By using generalized vertex algebras associated to rational lattices, we construct explicitly the admissible modules for the affine Lie algebra A (1) 1 of level − 4 3 . As an application, we show that the W(2, 5) algebra with central charge c = −7 investigated in [A2] is a subalgebra of the simple vertex operator algebra L(− 4 3 Λ 0 ).
Introduction
In this paper we shall present an explicit construction of irreducible representations of the vertex operator algebra L(− 4 3 Λ 0 ) associated to the admissible representations for the affine Lie algebra A
(1) 1 . The explicit realizations of certain irreducible highest weight representations play important role in the representation theory of affine Lie algebras and the associated vertex operator algebras. Integrable highest weight modules can be realized by using the theory of lattice vertex algebras or Clifford vertex superalgebras (cf. [DL] , [F] , [Fe] , [FFR] , [K2] ). Admissible modules are a broad class of irreducible highest weight modules which contains integrable modules as a subclass. Admissible modules have rational levels and their characters are modular functions (cf. [KW] , [Wak] ). It was proved in [AM] and [DLM] that admissible A (1) 1 -modules of level k can be viewed as modules for the simple vertex operator algebra L(kΛ 0 ). Moreover, every L(kΛ 0 )-module from the category O is a direct sum of admissible modules.
An explicit construction of admissible modules for the affine Lie algebra C (1) n of level − 1 2 was given in [FF] by using Weyl algebras. This construction was extended in [We] to the framework of vertex operator algebras. In the case n = 1 the construction gives the realization of four admissible A (1) 1 -modules. It is important to notice that the vertex algebras associated to Weyl algebras can be realized by using lattice vertex algebras (cf. [FMS] , [Fr] , [A1] ).
In the physics literature the admissible representations are also wellknown. In particular, the Weyl vertex algebras correspond to the βγ-system. Quite recently, the work [LMRS] presented a very detailed study of the βγ-systems and its relation to the WZW-model su(2) − 1 2 . Their construction was based on a c = −2 theory and a Lorenzian boson. M. Gaberdiel in [G] presented an interesting study of the WZW-model su(2) − 4 3 and analyzed the fusion product of admissible representations of level − 4 3 . He also showed that this theory contains logarithmic representations, i.e., the representations on which the action of L(0) is not diagonalisable. His approach was based on the analysis of singular vectors and the concept of fusion product.
In the present paper we shall give an explicit construction of admissible representations of level − 4 3 . First we shall construct the simple vertex operator algebra L(− 4 3 Λ 0 ). Since the rank of the vertex operator algebra L(− 4 3 Λ 0 ) is −6, it is natural to consider vertex algebras of rank −7 and rank one lattice vertex algebras. Since c = −7 is the central charge of the (1, p) models for the Virasoro algebra (with p = 3), we can use the representation theory of the (1, p) models. In [A2] , we showed that the concepts of generalized vertex algebras associated to rational lattice is useful for studying vertex algebras associated to the (1, p) models. It turns out that this approach is useful for the present construction.
Let us now describe our construction in more details. We define the following lattice
Let V L be the associated generalized vertex algebra. We consider the subalgebra V Zγ as a module for the Virasoro algebra with central charge −7. As in [A2] , we define the screening operator Q = e −6γ 0 . We prove, as one of our main results, that the subalgebra of V L generated by vectors
is isomorphic to the simple vertex operator algebra L(− 4 3 Λ 0 ) (for details see Section 4). Then we consider the generalized vertex algebra V L as a module for L(− 4 3 Λ 0 ). Although V L is not completely reducible L(− 4 3 Λ 0 )-module, it contains some irreducible submodules. Since every L(− 4 3 Λ 0 )-module in the category O is completely reducible (cf.
[AM]), every highest weight vector in V L generates an irreducible highest weight A
(1) 1 -module. By using this fact, we identify admissible modules inside V L . We also identify infinitely many irreducible submodules of V L which are not Z ≥0 -graded (cf. Theorem 4.3).
The lattice construction enables us to investigate certain subalgebras of the vertex operator algebra L(− 4 3 Λ 0 ). By using structural results from [A2] , we will show that the simple subalgebra Ker L(− 4 3 Λ 0 ) h(0) of L(− 4 3 Λ 0 ) is isomorphic to the tensor product of the W(2, 5) algebra with central charge −7 and the free boson vertex algebra M δ (1) (cf. Theorem 5.1). As a consequence, we get that the coset vertex algebra
) is isomorphic to the W(2, 5) algebra with central charge −7.
Vertex operator algebra L(kΛ 0 )
In this section we recall some basic facts about vertex operator algebras associated to affine Lie algebras (cf. [FZ] , [Li1] , [MP] ).
Let g be a finite-dimensional simple Lie algebra over C and let (·, ·) be a nondegenerate symmetric bilinear form on g. The affine Lie algebrâ g associated with g is defined as g ⊗ C[t, t −1 ] ⊕ Cc ⊕ Cd, where c is the canonical central element [K1] and the Lie algebra structure is given by [x ⊗ t n , y ⊗ t m ] = [x, y] ⊗ t n+m + n(x, y)δ n+m,0 c, [d, x ⊗ t n ] = nx ⊗ t n for x, y ∈ g. We will write x(n) for x ⊗ t n .
The Cartan subalgebraĥ and subalgebrasĝ + ,n − ofĝ are defined bŷ
Let P = g ⊗ C[t] ⊕ Cc ⊕ Cd be upper parabolic subalgebra. For every k ∈ C, k = −h ∨ , let Cv k be 1-dimensional P -module such that the subalgebra g ⊗ C[t] + Cd acts trivially, and the central element c acts as multiplication with k ∈ C. Define the generalized Verma module N(kΛ 0 ) as N(kΛ 0 ) = U(ĝ) ⊗ U (P ) Cv k . Then N(kΛ 0 ) has a natural structure of a vertex operator algebra (VOA). The vacuum vector is 1 = 1 ⊗ v k .
Let N 1 (kΛ 0 ) be the maximal ideal in the vertex operator algebra N(kΛ 0 ). Then L(kΛ 0 ) = N (kΛ 0 ) N 1 (kΛ 0 ) is a simple vertex operator algebra. Let now g = sl 2 (C) with generators e, f , h and relations [h, e] = 2e,
Applying the results obtained in [Li2] on L(kΛ 0 )-modules we get the following proposition.
Proposition 2.1. Let s ∈ Z and let ∆ s (z) be defined as above. For
By definition we have:
In other words, the corresponding automorphism π s of U(ĝ) satisfies the condition: π s (e(n)) = e(n − s), π s (f (n)) = f (n + s), π s (h(n)) = h(n) − skδ n,0 .
In the case s = −1 we get π −1 (L(kΛ 0 )) = L(kΛ 1 ).
It is also important to notice the following important property:
In particular,
Remark 2.1. Modules of type π s (M) have played an important role in the fusion rules analysis (cf. [G] ).
Vertex operator algebra
1 is the usual Virasoro element in the vertex operator algebra N(− 4 3 Λ 0 ) obtained by using the Sugawara construction (cf. [K2] , [FZ] , [MP] ). Set
.
Then L(− 4 3 Λ 0 ) is a simple vertex operator algebra of rank −6. The representation theory of this vertex operator algebra is very interested.
It is important to determine whichĝ-modules of level − 4 3 have the structure of a module for the vertex operator algebra L(− 4 3 Λ 0 ). This problem can be solved inside certain categories ofĝ-modules (see [AM] , [DLM] ).
Applying the general result obtained in Theorem 3.5.3 of [AM] to the case when k = − 4 3 we get the following result. Theorem 3.1. [AM] The set
Applying the automorphism π s , s ∈ Z, on L(− 4 3 Λ 0 )-modules from the category O one can get a family of weak L(− 4 3 Λ 0 )-modules which in general don't belong to the category O. These modules can be identified by using the following lemma.
Proof.
(1) We consider the weak L(− 4 3 Λ 0 )-module π s (M). By construction we have that π s (M) is a highest weightĝ-module with the
and the statement (1) holds. The proof of (2) is similar.
In the sequel we shall need the following result.
Proposition 3.1. Let V be a (generalized) vertex algebra, such that there is a nontrivial homomorphism of (generalized) vertex algebras
Then we have the following.
is isomorphic to the vertex operator algebra L(− 4 3 Λ 0 ). (2) Assume that vector v s ∈ V satisfies conditions (3.1) and (3.2) for certain s ∈ Z. Then
(3) Assume that vector v ′ s ∈ V satisfies conditions (3.1) and (3.2) for certain s ∈ Z. Then
Proof. By using standard arguments in the theory of vertex algebras of affine type one sees that homomorphism Φ : N(− 4 3 Λ 0 ) → V induces theĝ-action on V defined by (3.5) and (3.6). Moreover, the subalgebra of V generated by Φ(e(−1)1), Φ(f (−1)1)) and Φ(h(−1)1) is isomorphic to a certain quotient of N(− 4 3 Λ 0 ). Since f sing .1 = 0, we have that this subalgebra is isomorphic to the simple vertex operator algebra U(ĝ).1 ∼ = L(− 4 3 Λ 0 ). This proves (1). So V can be considered as a weak module for the vertex operator L(− 4 3 Λ 0 ). Statements (2) and (3) follows now directly from Lemma 3.1.
4. Lattice construction of L(− 4 3 Λ 0 ) and its modules In this section we shall present a lattice construction of the vertex operator algebra L(− 4 3 Λ 0 ). This construction will use certain ideas and results obtained in [A2] . Our results in Section 5 will show that this approach can be applied because the vertex operator algebra L(− 4 3 Λ 0 ) contains the W(2, 5)-algebra investigated in [A2] .
Define first the following lattice:
where tC[t] ⊗ h acts trivially on C, h acting as h, λ for h ∈ h and c acts on C as multiplication by 1. We shall write M(1) for M(1, 0). For h ∈ h and n ∈ Z write h(n) = t n ⊗ h. Set h(z) = n∈Z h(n)z −n−1 . Then M(1) is a vertex algebra which is generated by the fields h(z), h ∈ h, and M(1, λ), for λ ∈ h, are irreducible modules for M(1).
As in [DL] , [GL] (see also [FLM] , [K1] ), we have the generalized vertex algebra
where C[L] is a group algebra of L with a generators e γ and e δ . For v ∈ V L let Y (v, z) = s∈ 1 6 Z v s z −s−1 be the corresponding vertex operator (for precise formulae see [DL] ).
Recall some useful facts which hold in the generalized vertex algebra V L .
Assume that α 1 , α 2 ∈ L, α 1 , α 2 = r ∈ Z. Then Y (e α 1 , z)e α 2 = n∈Z e α 1 n+r e α 2 z −n−r−1 , (4.7) e α 1 −r−1 e α 2 = e α 1 +α 2 , (4.8) e α 1 −r+n e α 2 = 0 for every n ∈ Z ≥0 . (4.9)
Clearly, M(1) is a vertex subalgebra of V L . Let M γ (1) (resp. M δ (1)) be a vertex subalgebra of M(1) generated by the field γ(z) (resp. δ(z)). M γ (1) (resp. M δ (1)) is a subalgebra of the generalized vertex algebra V Zγ (resp. V Zδ ).
Define the following Virasoro element in M γ (1) ⊂ V Zγ ⊂ V L :
Then ω γ spans a subalgebra of M γ (1) isomorphic to the Virasoro vertex operator algebra L V ir (−7, 0) with central charge −7.
As in [A2] , we define the following screening operators: (4.11) and the following subalgebras of M(1):
is a primary vector of conformal weight 5.
Remark 4.1. The generalized vertex algebra V L is larger than the algebras considered in [A2] in the case when p = 3. More precisely, if we set α = −6γ and β = −2γ, then the subalgebras V Zα and V Zβ of V L are isomorphic to the (generalized) vertex operator algebras considered in [A2] . Since Q = e α 0 , Q = e −β 0 , ω γ = 3 4 β(−1) 2 + β(−2), H = e α 0 e −α , we have that expressions for vectors and operators defined by relations (4.10)-(4.12) coincide with the definition of the same objects in Section 2 of [A2] when p = 3.
The results from [A2] applied to the case p = 3 give the following result:
Theorem 4.1. [A2] (1) [Q, Q] = 0, (2) Ker Mγ (1) Q ∼ = L V ir (−7, 0),
(3) The vertex algebra M γ (1) is generated by ω γ and H = Qe 6γ . This theorem has the following consequence:
Corollary 4.1.
(1) The vertex algebra Ker M (1) Q ∼ = L V ir (−7, 0) ⊗ M δ (1) is generated by δ(−1) and ω γ .
(2) The vertex algebra M(1) ∼ = M γ (1) ⊗ M δ (1) is generated by δ(−1), ω γ and H.
Define
Then ω is a Virasoro element which generates the subalgebra L V ir (−6, 0). Set
Define the following vectors in V L : 
Theorem 4.2. The vectors e, f and h span a subalgebra of the generalized vertex algebra V L isomorphic to the vertex operator algebra L(− 4 3 Λ 0 ).
Proof. First we notice that for every n ≥ 0, the following relations in the generalized vertex algebra V L hold: .1 = ω = 3γ(−1) 2 − 2γ(−2) − 3δ(−1) 2 .
By Proposition 3.1, we have that V L is a module for the affine Lie algebraĝ of level − 4 3 . Next we consider element f sing .1. The definition of the action ofĝ gives that
+2δ(−2) + 3γ(−1) 2 − 2γ(−2) − 3δ(−1) 2 )e 3(γ−δ) = 0.
Since f sing .1 = 0, Proposition 3.1 implies that the fields e(z), h(z), f (z) span a subalgebra of V L isomorphic to L(− 4 3 Λ 0 ). Remark 4.2. The vertex operator algebra L(− 4 3 Λ 0 ) can be embedded into certain vertex superalgebras. Let us describe these algebras. Define x = 3(γ − δ) and y = 3(γ + δ). Then
x, x = y, y = 0, x, y = 3.
In particular, the subalgebra V Zx+Zy of V L has the structure of a vertex superalgebra. Since e, f, h ∈ V Zx+Zy , we have that the vertex operator algebra L(− 4 3 Λ 0 ) can be realized as a subalgebra of V Zx+Zy . It is also interesting to notice that e, f, h ∈ Ker V Zx+Zy Q.
So L(− 4 3 Λ 0 ) is also a subalgebra of the vertex superalgebra Ker V Zx+Zy Q. On the other hand, we also want to construct explicitly other L(− 4 3 Λ 0 )modules from the category O. It turns out that for this purpose the larger algebra V L is more suitable.
Now we want to identify certain L(− 4 3 Λ 0 )-submodules of V L . We have the following result. (2)
Proof. Assume that n ≥ 0. Since 4δ, 2sδ = − 4 3 s, we have
Since 3γ − 3δ, 2sδ = s, relation (4.9) implies that e(n − s)v s = 0.
Since 3γ + 3δ, 2sδ = −s and Qv s = 0, we have that
Qe 3γ+3δ n+s v s − 2 9 e 3γ+3δ n+s Qv s = 0.
In this way we have verified that vector v s satisfies conditions (3.1) and (3.2) and Proposition 3.1 implies that
This proves assertion (1). Since 4δ, −γ + (2s + 1)δ = − 2 3 − 4 3 s, we have
Since 3γ − 3δ, −γ + (2s + 1)2δ = s, relation (4.9) implies that e(n − s)v ′ s = 0. Since 3γ + 3δ, −γ + (2s + 1)δ = −s − 1 and Qv ′ s = 0, we have that
So vector v ′ s satisfies conditions (3.3) and (3.4) and by Proposition 3.1 we have that
and assertion (2) holds. This theorem has the following consequence.
Corollary 4.2. The vectors e −γ+δ , e 2δ are singular vector for the action ofĝ. Moreover, we have
The generalized vertex algebra V L contains some other interesting L(− 4 3 Λ 0 )-submodules. Let us give one example.
Example 4.1. Define E = U(ĝ).e −2γ . Since g ⊗ tC [t] .e −2γ = 0, we have that theĝ-module E is Z ≥0 -graded. Moreover, the top level E = U(g).e −2γ is an irreducible U(g)-module which is neither highest nor lowest weight with respect to g. Therefore, theĝ-module E is not in the category O, but it is a Z ≥0 -graded L(− 4 3 Λ 0 )-module on which h(0) and L(0) act semisimply. By using Zhu's algebra theory (cf. [Z] ), modules of this type were investigated in [AM] . 5. Vertex subalgebras of L(− 4 3 Λ 0 ) In Section 4 we proved that the vertex algebra M(1) contains the subalgebra M(1) which is a vertex operator algebra of rank −6. This vertex operator algebra is obtained as a kernel of the screening operator Q. In this section we will show that M(1) actually lies in the vertex operator algebra L(− 4 3 Λ 0 ) ⊂ V L . This result will imply that the coset vertex operator algebra
Since M γ (1) is a simple vertex operator algebra generated by Virasoro element ω γ and primary vector H of conformal weight 5, we can say that this coset vertex algebra (or the coset
in the physics literature)
is the W(2, 5) algebra with central charge −7.
The operator h(0) acts semisimply on L(− 4 3 Λ 0 ) and
Proposition 5.1. The vertex operator subalgebra
is a vertex operator subalgebra of L(− 4 3 Λ 0 ). For u ∈ M (i) and n ∈ Z we have that u n M (j) ⊂ M (i+j) .
Let 0 = v ∈ M (j) . Since L(− 4 3 Λ 0 ) is a simple vertex operator algebra, by Corollary 4.2 of [DM] we have that (5.16) This relation implies that
In particular, M (0) is a simple vertex operator algebra.
We shall now identify the subalgebra M (0) .
Theorem 5.1. The vertex operator algebra
In particular, M(1) and M γ (1) are simple vertex operator algebras.
Proof. By using the lattice construction of L(− 4 3 Λ 0 ) from Section 4, one can easily see that M (0) is actually a subalgebra of the vertex operator algebra M(1).
We shall now prove the other inclusion. By Corollary 4.1 we have that the vertex operator algebra M(1) is generated by vectors δ(−1), ω γ and H. It suffices to prove that these generators belong to L(− 4 3 Λ 0 ). Clearly,
The fact that ω = ω γ − 3δ(−1) 2 is the Virasoro element in L(− 4 3 Λ 0 ) implies that Since Q 2 e 3γ−3δ = Q 2 e 3γ+3δ = 0, we have Qv = 2(Qe 3γ−3δ ) −4 (Qe 3γ+3δ ) = Q 2 (e 3γ−3δ The simplicity of M γ (1) and M(1) follows from the fact that M (0) is a simple vertex operator algebra (cf. Proposition 5.1).
By the lattice construction, we have that the subalgebra of L(− 4 3 Λ 0 ) generated by the field h(z) is isomorphic to M δ (1). Theorem 5.1 enables us to describe the following vertex algebra.
Corollary 5.1. The coset vertex operator algebra
is isomorphic to the vertex operator algebra M γ (1) (=W(2, 5) algebra with central charge −7).
Remark 5.1. It was proved in [KR] that the subalgebra Ker L(− 1 2 Λ 0 ) h(0) is isomorphic to the vertex algebra W 1+∞ with central charge c = −1. In [Wn] , Wang proved that the vertex algebra W 1+∞ with central charge −1 is isomorphic to the tensor product of the W(2, 3) algebra with central charge −2 and the free boson vertex algebra. Our result shows that the vertex operator algebra L(− 4 3 Λ 0 ) contains a subalgebra of similar type. The difference is that the W(2, 3) algebra with central charge −2 is replaced by the W(2, 5) algebra with central charge −7.
